Abstract: In this paper, the tight focusing of high-order cylindrical vector beams (beams with polarization singularity) was investigated. Using the Richards-Wolf formalism, there were obtained expressions for all projections of the electric and magnetic light fields with m-order polarization singularity in the focus of the aplanatic system. Also expressions for the longitudinal component of the Poynting vector were obtained. It was shown that these beams produce in the focal areas with the direction of the Poynting vector opposite to the direction of propagation of the beam. Moreover, the negative values could be comparable in absolute value with positive values; however, this strong inverse energy flow is obtained only while laser light is focused by a lens with high numerical aperture. Of particular interest is the case when the beam order is two (m = 2). In this case, the region where the Poynting vector longitudinal projection is negative is located on the optical axis. If the order of the beam is more than two (m > 2), than the reverse flow occurs near the optical axis and has a shape of a "tube." Moreover, the width of the negative values region (the diameter of the "tube") increases with increasing order of the beam, however, the absolute value of energy backflow decreases. Earlier, we reported on the observation of a spiral negative energy flow from the center of the focal plane of a focused vortex beam. In this paper, the negative propagation of a laminar near-axis energy flow is reported.
Introduction
Interest in the сylindrical vector beams (CVB), which polarization rotates in the cross-section with the azimuthal angle 0 ࣘ ϕ ࣘ 2π, continues unabated to this day [1] - [6] , although they have been investigated in optics for a long time [7] - [11] . Previously researchers have made attempts to generalize cylindrical vector beams by investigating the beams with direction of polarization making several rotations. Such beams in the literature are known as high-order cylindrical vector beams.
For example, the tight focusing of high-order radially polarized modes was investigated in [12] - [16] . These modes had a form of E l (ϕ) = coslϕi + sinlϕj where l is the beam order, i and j are the unit vectors in the Cartesian coordinate system chosen such that the unit vector k coincides with the axis of symmetry of the beam. The propagation of higher-order modes with a shifted center was investigated numerically using the Fresnel transform in [17] . The diffraction of higher-order modes by a gap was investigated numerically in [18] also using the Fresnel transform. Experimentally, highorder CVB were early obtained using spatial light modulators [19] , [20] and elements designed as Pancharatnam-Berry phase elements [21] .
Usually researchers in the field of tight focusing investigate the behavior of the electric component [13] - [16] , which makes it impossible to calculate the Poynting vector (PV) in the focal point. According to [22] , the direction of scattering force acting on a particle coincides with the Poynting vector. If a beam contains a negative component of PV in its transverse distribution, then the particle illuminated by the beam should move toward the light source. The existence of areas with negative component of PV has been known in optics for a long time (for example, it was obtained by Richards and Wolf in 1959 [23] ). However, this negative component was very small usually and only recently it has been possible to obtain focal spots with negative values of PV comparable in absolute value with positive values. For example these beams were obtained in [24] , where the propagation of light through the metalens, which simultaneously rotates the direction of polarization and focus the light, was numerically simulated. Using the FDTD method, it was shown that the spiral metalens illuminated by circularly polarized light forms a focal spot with negative values of the energy flow along the propagation axis S z . The generalization of [24] to the case of focusing of optical vortices with circular polarization and topological charges equal to ±1, ±2, and ±3 was made in [25] , [26] . Negative values of the longitudinal component S z were also obtained in [27] , where Gauss-Laguerre beams with circular polarization were investigated, and in [28] , where Weber's beams were studied. While the transverse energy flow in a tightly focused azimuthally polarized beam has been discussed [29] , the on-axis variations of the Poynting vector were not studied by the authors. As a consequence, the negative propagation of the energy flow was not demonstrated.
In this paper, the tight focusing of high-order cylindrical vector beams (beams with polarization singularity) was investigated. It was shown that these beams produce areas with the Poynting vector direction opposite to the beam propagation direction in the focus. Moreover the negative values could be comparable in absolute value with positive values; however this strong inverse energy flow is obtained only while laser light is focused by a lens with high numerical aperture. Of particular interest is the case when the beam order is two (m = 2). In this case, the region where the Poynting vector longitudinal projection is negative is located on the optical axis. If the order of the beam is more than two (m > 2), than the reverse flow occurs near the optical axis and has a shape of a "tube". Moreover, the width of the negative values region (the diameter of the "tube") increases with increasing the order of the beam, however the absolute value of energy backflow decreases. In contrast to our previous papers [24] - [26] , where the inverse energy flow propagated along a spiral, in this paper we investigate a non-vortex inverse flow with a laminar propagation of light.
Theoretical Background
Our analysis relies upon the Richard-Wolf integral: [23] :
where U(ρ, ψ , z) is the electrical or magnetic field in the focal spot, B (θ, ϕ) is the incident electrical or magnetic field (θ is the polar angle and ϕ is the azimuthal angle), T(θ) is apodization function (for an aplanatic lens the apodization function is equal to T(θ) = cos 1/2 θ [23] , and for the flat diffractive lens it is equal to T(θ) = cos −3/2 θ [30] ), f is the focal length, k = 2π/λ is the wavenumber, λ is the wavelength, α is the maximal polar angle determined by the numerical aperture of the lens (NA = sinα), and P(θ, ϕ) is the polarization matrix for the electric and magnetic fields. The focusing scheme with the notation for the used variables is shown in Fig. 1a , this approximation is accurate if the focal length of the lens is much greater than the wavelength of the incident light. The matrix P(θ, ϕ) is equal to:
where a(θ, ϕ) and b(θ, ϕ) are polarization functions for the x-and y-components of the incident beam. For high-order cylindrical vector beams, the polarization functions have the form:
for the electric field, and
for the magnetic field, where m is a positive integer number. If m = 1 Eqs. (3) and (4) describe the well known azimuthally polarized beam. Substituting formulae (3) and (4) into (1), and taking into account (2), we can obtain all six projections of the electric and magnetic field vectors in the focal region of the aplanatic system (the apodization function has a form T (θ) = cos 1/2 θ [23]):
where
In (6), x = krsinθ, J m (x) is the m-th order Bessel function, A m (θ) = B (θ, ϕ) is a real function describing the amplitude of the input field in the plane of the entrance pupil of the aplanatic system. It depends only on the angle θ and the order m of the polarization singularity.
From (5), we obtain equations for the components of the electric and magnetic field in the cylindrical coordinate system:
From (7), for m = 1 follow the well-known expressions for the components of an azimuthally field [11] 
In particular, from the first equation in (8) , it follows that in the focus of the azimuthally polarized beam on the optical axis (r = 0), the intensity is equal to zero because J 1 (x) = 0 for x = 0.
From (7), we obtain an equation for the intensity of the electric field in the focal plane z = 0:
From (9) it could be seen that for m > 1, the intensity in the focus is not radially symmetric. From (9) it follows that only for the azimuthal polarization at m = 1, the intensity in the focus has the shape of a symmetrical ring:
From (5) we can obtain a simple equation for the longitudinal projection of the Poynting vector [23] :
In the focal plane (z = 0), it is equal to:
From (12), it follows that for any m the longitudinal component of PV in the focal plane has circular symmetry relative to the optical axis. This is a strange result because the intensity distribution in the focal plane (9) does not have circular symmetry for m > 1. From (12) for m = 2, it follows that in the focal plane on the optical axis there is a reverse light energy flow (for any real amplitude in the plane of the entrance pupil A 2 (θ)):
From (12), it also follows that for m = 3 on the optical axis in the focal plane, the energy flow is zero (S z = 0), and in the vicinity of the optical axis it increases quadratically in magnitude with the distance from the axis:
It should be noted that if in the previous formulae, the apodization function T(θ) = cos 1/2 θ will be replaced by any other real function; for example, when the apodization function of the diffraction lens T(θ) = cos −3/2 θ [30], Eqs. (13) and (14), which prove the existence of an inverse energy flow, will not change. Only a certain value of the integrals in (13) and (14) will be changed. It also should be noted that the existence of the inverse energy flow in the focus of the aplanatic system for m = 2, 3 will be obtained for any real function T(θ).
Numerical Simulation Using Richards-Wolf Formulae
In this study, two different numerical methods for simulations were used: the Richards-Wolf integral (1) implemented in MATLAB and FDTD-method implemented in the FullWAVE package. (https://www.synopsys.com/optical-solutions/rsoft/passive-device-fullwave.html). Figure 1b shows the direction of polarization in the investigated beam of order m = 2. In the simulation it was assumed that the zone plate (T(θ) = cos −3/2 θ [30] , NA = 0.95) focuses the plane wave B(θ, ϕ) = 1. The longitudinal component of PV was calculated using (11), the intensity was calculated as I = (EE * ), where E is the electric field. The results of focusing the second-order (m = 2) cylindrical vector beam are shown in Figs. 2-4 . Fig. 2a shows the intensity distribution I = I x + I y + I z in the focus. From Fig. 2a , it could be seen that the intensity distribution has the shape of an asymmetrical ring. The asymmetry is explained by the redistribution of energy between components of the electric field due to tight focusing (Fig. 2b-2d ). The same effect was shown previously in [12] - [16] .
The distribution of the longitudinal component of the Poynting vector S z in the focal plane is presented in Figs. 3-4. Fig. 3 shows the distribution of S z in the transverse plane (xy), and Fig. 4 shows the distribution in the longitudinal plane (zy) along the propagation axis of the beam (z-axis). Arrows in Fig. 4 indicate the direction of the Poynting vector without regard to its absolute value.
It is interesting that, in contrast to the focusing of a vortex beam with circular polarization in [24] - [26] , in this case there are no transverse components of the Poynting vector S x and S y in the focal plane. It means, that the propagation of the energy flow is non-vortex.
It is important to note that the energy backflow comparable to the direct energy flow is observed only in the case of tight focusing. Fig 5 shows the dependence of the minimum value of S z at the center of the focal spot on the numerical aperture NA for a cylindrical vector beam of the order m = 2. From Fig. 5 , it could be seen that negative values of S z are obtained only for large numerical apertures (NA > 0.8).
Focusing of CVB With Orders m > 2
In this section, the focusing of CVB with orders greater than m > 2 is considered ( Fig. 6 and 7) . The intensity distribution and the longitudinal component of the Poynting vector in the focal plane is presented in Fig. 6. Fig. 7a, b show the cross-section of the projection of the Poynting vector S z for different orders of cylindrical vector beams (m equals to 1, 2, 3, 4, and 5). Fig. 7c-7e show the intensity distribution and direction of the Poynting vector in the longitudinal plane (zy) for CVB of the third (Fig 7c), forth (Fig 7d) , and fifth orders (Fig 7e) . It can be seen from Fig. 6 that the intensity distribution has a symmetry of 2(m − 1) order. Presence of symmetry with the 4th, the 6th and the 8th order is shown in Fig. 6a, Fig. 6b and Fig 6c respectively . At the same time the energy flow distribution for any m has circular symmetry. This also follows from the expression (9) .
From Fig. 7 , it could be seen that for the cylindrical vector beam (m = 1), there are no negative values of the Poynting vector at the center of the focal spot (S z (x = y = 0) = 0). Reverse energy flow occurs for all m > 1,however, only in the case m = 2, the energy backflow is observed at the center of the focal spot (S z (x = y = 0) < 0), and it decreases with distance from it. For m > 2, the energy flow on the optical axis is zero, however, it increases with increasing distance from the optical axis till gets its maximum and then becomes to decreasing. It shows presence of the reverse flow near the optical axis for m > 2, since it looks like a "tube". Moreover, the width of the negative values region (the diameter of the "tube") increases with increasing m, however the absolute value of energy backflow decreases (Fig. 7b) :
The case for m = 2 can be considered as unique, so we focused our research mainly on it.
Numerical Simulation Using FDTD-method
The FDTD method was used to verify the results obtained with the Richards-Wolf integrals. The FDTD method implements numerical solution of Maxwell's equations and it has previously established itself as an accurate and reliable method for solving problems of electromagnetic waves propagation [31] . In our investigation we use the FDTD method implemented in the FullWave software (https://www.synopsys.com/optical-solutions/rsoft/passive-device-fullwave.html). Cylindrical vector beam of order m = 2 multiplied by the transmission function of the Fresnel zone plate was used as an incident wave in the calculation. In this study, we considered the Fresnel zone plate made of titanium dioxide TiO 2 (n = 2.67) with the relief height h = 0.159 μm. The radii of zone plate were calculated using the familiar formula r m = (mλf + m 2 λ 2 /4) 1/2 , where f = 532 nm is a focal length (numerical aperture ∼1), λ = 532 nm is a wavelength, m is the radius number. Figure  8 shows the template of a 8 × 8-μm zone plate. Next parameters of grid for calculated area of 8.6 × 8.6 × 1.532 μm were used while simulation by FDTD-method: the grid size was equal to λ/30, the perfectly matched layers (PML) thickness was 0.5 μm. Simulation results for light focusing are shown in Fig. 9 .
It can be seen from Fig. 9 that S z is negative in the central part of the focal spot (m = 2) and has minimum on the optical axis. Thus, the results obtained using two different numerical methods mentioned coincide with each other. The asymmetry of the intensity in Fig. 6a is caused by the a non-radially symmetric template of zone plate. 
Conclusions
In this paper, tight focusing of high-order cylindrical vector beams was investigated. It was shown theoretically and numerically that in the focus, there are regions with Poynting vectors with directions opposite to the propagation direction of the beam, and the negative values are comparable in absolute value with positive values. If the beam order is equal to two, then the region with negative values of the projection of the Poynting vector is located in the center of the focal spot.
The possibility of obtaining focal spots with the Poynting vector opposite to the direction of beam propagation was previously shown in [24] - [26] ; however, in these papers, optical vortices were focused and the energy flow has a spiral shape (spiral reverse flow). In this paper, the reverse flow has a non-vortex character. It also could be noted that a cylindrical vector beam of the second order can be obtained from a linearly polarized beam using a single element that transforms the polarization; for example, a polarizer based on subwavelength gratings [32] .
